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L. On the Velocity Distribution Function, and on the Stresses in a Non-Uniform
Rarefied Monatomic Gas.
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Tue application of the kinetic theory to the investigation of viscosity and other
physical phenomena of a gas involves, in general, the determination of the distribution
of the molecular velocities in the non-uniform state. This is unnecessary in the case
of one special molecular model, successfully dealt with by MaxweLrs,* but for more
general models his treatment is inapplicable. It was shown by Borrzmannt that the
function which expresses the law of distribution of the molecular velocities must satisfy
a certain integral equation, but no solution of the equation was discovered nor any
further progress made until Enskoa, in 1911, applied to it the method of solution by
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* MaxwELL, ‘ Scientific Papers,” vol. 2, p. 26.
T BoLrrzMANN, ¢ Vorlesungen iiber Gastheorie,” I, p. 114.
i Enskog, ‘ Physikalische Zeitschrift,” vol. 12, p. 68, 1911.
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2 MR. J. E. JONES ON THE VELOCITY DISTRIBUTION FUNCTION, AND

series, and thereby obtained the form of the function. Later the same writer,* by a
more elaborate treatment of the problem, succeeded in obtaining a solution applicable
to the most general molecular model of a monatomic gas, and used it to calculate the
numerical values of the coefficient of viscosity, heat conduction and of diffusion.

About two years before the appearance of Enskoa’s later work, a paper was published
by CrapMAN,T in which he obtained the form of the velocity distribution function,
partly by using the fact that it must be an invariant. The complete solution of the
function was found by applying MAXWELL’s equation of transfer to certain odd and
even functions of the molecular velocity. The application of the solution to the
evaluation of the coefficients of viscosity, heat conduction, and so on, yielded the same
results as those afterwards obtained by Exskoa.

CuarmaN and Enskoe applied their methods chiefly to the case of a normal gas—
that is, one in which the mean free path of a molecule is small compared with the scale
of length in which the properties of the gas, e.g. temperature, vary appreciably. In
such a gas it is sufficient to include in the distribution function only the first order
derivatives of density, mean velocity, and temperature. In the present paper, the
solution is extended to gases in which this condition no longer holds. The methods of
Cuapman and Enskoc are applicable also in this case, but the procedure actually
followed is somewhat different, and seems to lead more directly to the desired results.
For purposes of illustration, and for the sake of completeness, the results obtained by
the above writers for a normal gas are not assumed, as they might be, but are derived
anew. A new “ equation of transfer,” which is different in form from that of MaxweLL,
forms the basis of the method, and seems to provide a simpler and more direct means
of calculating the rate of change of molecular properties by collision than has been used
hitherto. This equation, together with BoLTzMANN’s equation, readily provide a
solution of the distribution function to any desired degree of completeness.

The kinetic theory of rarefied gases was first considered by MaxwgLL,f who dealt
as before only with his particular model. The mathematics was thus greatly simplified,
and he was able (legitimately, though without proof) to assume a velocity distribution
function containing terms of the first, second and third degrees only. By this - means
he showed that stresses are set up in a gas by non-uniformity of temperature: in a
normal gas these stresses are negligible, but in a rarefied gas their magnitude becomes
appreciable.§ MAXWELL suggested that this fact might provide a possible explanation
of the phenomena of the radiometer.

* ENskoa, ¢ Kinetische Theorie der Vorginge in missig verdiinnten Gasen,” Inaug. Dissertation, Upsala,

1917.

T Crapmax, © Phil. Trans.,” A, vol. 216, p. 279,.1915 ; of. also ° Phil. Trans.,” A, vol. 217, p. 115, 1916.

1 MaxweLL, ‘ Scientific Papers,” vol. 2, p. 681, 1879. A numerical mistake has crept into MAXWELL’s
results. This is pointed out in § 12 and the correct result given.

§ May 25, 1922.—The degree of rarefaction required is of the order of one millionth of an atmosphere ;

see note on p. 33.


http://rsta.royalsocietypublishing.org/

A\

/ y

A

a
{ B
L 2

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

yA \
V. \
AL A

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

ON THE STRESSES IN A NON-UNIFORM RAREFIED MONATOMIC GAS. 3

In the same year, REynoLps* published his paper, “ On Certain Dimensional
Properties of Matter in the Gaseous State,” in which he also, by an entirely different
method, discovered these temperature stresses. There is, however, a discrepancy
between MaxwrLL’s and REyNoLDS’ results,t the magnitudes of their expressions for
the stresses being in the ratio 3 : 1.

A general demonstration of the existence of temperature stresses was afterwards
given by BrIiLLoUIN,I but without any attempt to estimate their magnitude. More
recently Enskoc§ investigated the problem in the case of a stationary gas without
assuming the molecules to be Maxwellian : he carried his calculations only to a first
approximation, and found that to this order all molecular models give the same result.

The investigation is here dealt with afresh by the special methods of this paper
and general formule obtained for the stresses. The various special molecular models
discussed include centres of force varying inversely as the n'™ power of the distance
and rigid elastic spherical molecules. In the former case, MAXWELL’S result for n = 5
is confirmed, while in the latter case the calculations are carried to the third approxima-
tion, and the numerical coefficient obtained differs by about 20 per cent. from that of
the Maxwellian gas. A detailed comparison of the results with those of previous
writers is given in the concluding paragraph.

§ 2. THE FUNDAMENTAL INTEGRAL HQUATION.

The present investigation will be confined to a simple monatomic gas. By “ simple ”’
we imply that the molecules of the gas are similar in every respect, and by “ monatomic ”’
we mean that the molecules are spherically symmetrical. We shall also suppose
that the gas is ““ nearly perfect ”—that is, that the mean free path of a molecule is large
compared with its radius of action.

(@) The Notation.

We denote the pressure, density and temperature of the gas by p, p and T.  The
number of molecules per unit volume we shall denote by » and the mass of each by m.
When the molecules are acted on by external forces, we shall denote by X, Y, Z their
components per unit mass with respect to any convenient rectangular co-ordinate
axes. The symbols u, v, w will be used for the components of velocity of a molecule
relative to the same axes, u,, v,, w, for the components of the mean velocity of the gas,
while the peculiar velocities, u—wu,, etc., will be represented by U, V, W. In con-
sidering the collision of two molecules, it is convenient to use the suffixes 1 and 2 to
distinguish their velocities, both actual and ‘‘ peculiar ” ; an accent serves to indicate

* REYNOLDS, ‘ Phil. Trans.,” Part II, 1879 ; ° Papers,” vol. 1, p. 367.

t The writer wishes to acknowledge his indebtedness and to express his best thanks to Prof. 8. CHaPMAN,
who pointed out to him the different results, and encouraged an inquiry into the causes of the disagreement.

1 BRILLOUIN, ‘ Annales de Chimie et de Physique,” 7 série, t. XX, aofit 1900.
§ Enskog, 1917, loc. cit., Chapter VI.
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4 MR. J. E. JONES ON THE VELOCITY DISTRIBUTION FUNCTION, AND

the corresponding velocities after impact, as, for example, w,, w5, U, and U, The
Jfraction of the molecules in an element of volume dx dy dz about a point (z, y, 2) at time ¢,
which possess velocities lying between w, v, w and u -+ du, v 4+ dv, w + dw will be
represented by f (v, v, w, x, ¥, 2, t) du dv dw dx dy dz, so that the number of such molecules
in the volume considered will be

vf (v, v, w, z, ¥, 2, t) du dv dw dx dy dz.

As indicated, f will be a function of w, v, w, z, y, z and ¢. A knowledge of the
nature of f will give the required law of velocity distribution. The number » will be a
function of @, ¥, z and ¢ alone, but it may sometimes be convenient to consider »f as one
function of u, v, w, @, ¥, z and ¢.

(b) The Fundamental Equation.

By considering the change in the number of those molecules in a given element of
volume, whose velocities lay within the limits u, v, w, and 4 + du, v 4 dv, w + dw,
BorrzmMann* showed that the function f must satisfy the equation,

) 0 0
{ +X_+Y8ful Zaw -I-ula%—l—v,a +wla}(uf) [at(uf)lon. . (2.01)

ou,

where the term on the right represents the rate of increase by collisions.
In the case of molecules attracting or repelling with a force which is proportional to
some power of the distance between them, we can writet

[(% (Vf)]coll. = Jﬁ” A(fYF&— fOLNY du, dv, dw,p dp de, . . (2.02)

where u,, v,, w, refer to the velocities of a molecule before colliding with one of those
considered above, i.e. velocities u,, v5, w, ; V denotes their relative velocity before an
encounter, p the perpendicular from one molecule on to the line of relative velocity of
the other, ¢ the angular co-ordinate of p in a plane perpendicular to V. The symbol f@
is an abbreviation for f(u,, v, w, %, y, 2, ¢). Similarly, f, f® signify the form of f,
when 'y, o'y, 'y and wy, vy, W', are substituted respectively for u, v, w. Making this
substitution in equation (2.01), we have—

0 d 0
{ +X +Y +Z v u5§+v§g}+wé—z}("f)

- H j U PSSO daydvs s dpde. . (2.09)

* BorrzMAaNN, ¢ Vorlesungen iiber Gastheorie,” I., s. 98-115.
T JEans, ‘ Dynamical Theory of Gases’ (3rd ed.), 1921, p. 210.


http://rsta.royalsocietypublishing.org/

a
J,
A

/—%

A A

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A \
I~
b \

S

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

ON THE STRESSES IN A NON-UNIFORM RAREFIED MONATOMIC GAS. 5

There is no need to retain the suffix attached to the velocities on the left-hand side
of equation (2.01), for it is our purpose to investigate the form of f, and the result is
to be applicable to all molecules, whatever their velocity.

§ 3. CONSIDERATION OF THE FUNDAMENTAL KQUATION.

Many of the gas phenomena which have been investigated by means of the kinetic
theory can be considered without the introduction- of external forces, and such is
the case also in the problem which we consider in this paper. Putting, therefore,
X =Y =7=0,* the fundamental equation reduces to

9 8. 8 . 2 0T o e ‘ ‘
[éf"’"a‘g;”’a?, +wa—z](uf) - Vﬂmjj(ﬂ)f@ _FOLONY du, dvy duw, pdpde. (3.01)

It is easily verified that the solution in the steady state is given by

fr=Ae ™ L (8.02)
where
C? = (u—u) + (v—2p) + (w—w,)* . . . . . . (3.03)
=0+ V24W2, . . . . . . . . . .. (3.04)
and
A=(mfay . . . . . . . . . . . . . (305

In the steady state » is a constant, and may be denoted by ,.
In the non-steady state, let us assume that

W) f=A01+F(u, v, w, 2, 9,2,8)], . . . . . . (3.06)
() v=we, . . . . . . . .. (3.07)
where F is a small quantity of the first order. It will be found to be a linear
function of the space derivatives of the temperature and mean velocity of the gas,
which we shall assume to be quantities of the first order. The number of molecules per

unit volume will differ very slightly from that in the normal steady state, and o will
accordingly be a small number.

The integrand of equation (3.01) now becomes
LOLE{FO L FO_FO_F@} . ... (3.08)
since from considerations of conservation of energy and momentum at an encounter

FUFE = fOLO L (3.09)

* The methods used in this paper are not, however, restricted to the case of no external forces. The
latter may be introduced provided that they are of the first order, so that products with space derivatives
of temperature and mean velocity may be neglected. See also note on p. 6.
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6 MR. J. E. JONES ON THE VELOCITY DISTRIBUTION FUNCTION, AND

The symbols ¥, F® &c., are abbreviations for ¥ (U, V/; W), F (U, V; W,), &ec.
1f we write
u = uy+ U, &e.,

and put
d _ o 0 0 0
Z =Y — — e .
di =5 g T Ty (8.10)
equation (3-01) takes the form
d d d 0 -
|G+ LV oW L (i (141)

= 2 f0 j j JH £ (B 4 F&_FO_FO)V du, do, duwyp dp de. . (3.11)

We propose to denote by D the operators on the left-hand side of the above equation
and to put

1(F) = {[[[] £ (#0 4 T F0—F9) v au, dv,dw,p dpde. . . (3.12)
We note, in passing, that
IF+@) =I(F)+I1(G) . . . . . . . . (813)
and
I(@F)=al(F), . . . . . . . . . (3.14)

where a is a constant.
The equation (3.11) can now be written*

wfoe” (1+F) D (log fie°) +n foe'D (F) = AAL(F), . . . . (8.15)
or, using equations (3.02), (3.04) and (3.05), and dividing by »,f,e”
(1+F) D (¢ log h—hmC3+0) +D (F) = [ (F). . . . . (3.16)

Since the left-hand side of this equation consists only of derivatives, it is clear that
F, when found, will likewise consist of derivatives. We shall find it convenient to
consider separately the group of terms involving derivatives of the same order, and we
therefore denote by I, the group containing derivatives of the first order, by F, that
of the second order, and so on. Now, by assumption, F, is small, and so, in obtaining
it, we may neglect the product of F into the derivatives on the left-hand side of
equation (3.16) above, as well as the terms D(F).t

* ¢f. JrANS, loc. cit., pp. 211-213.
1 If external forces had been introduced, which were not small, D (F) could not so be neglected ; for,

. JF '
D (F) would then include terms of the type X P which might conceivably be of the first order (cf. note,
p. 5).
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ON THE STRESSES IN A NON-UNIFORM RAREFIED MONATOMIC GAS. 7

Hence correct to the first order, we have

D (3 log h—hm(C*—c) = <§ﬁ -—mC”) g—-t@ +2hm2ZU (3:" + = dt

<ﬁ —m02> sUL 30 oz =1(F), . (317)

where

== Ur % i W 9% <§99 %> <% vy
2= UPg VI A We Sy UV (4 500 4 VW ay+az>

+WU<az+aw . (3.18)

The summation SU O(Zh‘) involves three terms formed by cyclical changes of u,, v, w,,
as well as of U, V, W, while the other two summations, also of three terms, involve
corresponding changes in the derivatives.

Before attempting to solve this equation, we proceed to show the relation between
this equation and Maxwell’s equation of transfer, and how, by virtue of the special
dynamic properties of collisions, it can be reduced to a much simpler form.

§ 4. THE RaTE oF CHANGE OF MOLECULAR PROPERTIES DUE TO COLLISIONS.

Suppose that @ represents any function of the velocity components of a molecule
or, briefly, a molecular property. The rate of change of the sum of Q taken over all
the molecules in the volume element dxdydz, usually denoted by AQdxdydz,
may be calculated in two ways. )

We may find the number of collisions of a given type per unit time and volume,
multiply the result by the change produced in Q at each of these collisions, then
integrate over the whole range of velocities. This is the method used by MaxweLL,
who thereby finds ‘

AQ = j Jmm (Q=Q) fOFEV du, do, daw, duuy dvy dwwyp dp de. . (4.01)

The result can be obtained otherwise if we find the rate of increase by collision of
molecules entering a given state (that is, whose velocities enter the prescribed limits
u, v, w and v + du, v + dv, w + dw), multiply the result by Q, then integrate the
expression over the whole range of velocities. Remembering the definition of I(F), it
is evident that »? 1P (F) duy dv, dw, de dy dz di represents the increase in such molecules
by collision.

We deduce, therefore, that

AQ=V”UJQﬂ”I(F)dulolvldwl. . (4.02)

A simple analytical proof might also be given that the expressions in the above two
equations are equal.
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8 MR. J. E. JONES ON THE VELOCITY DISTRIBUTION FUNCTION, AND

As we shall now have occasion to consider in some detail the integrals (4.01) and
(4.02), and as the form of f, which it is our purpose to find, cannot depend on the
magnitude of the mean velocities, it will be more convenient and simpler if, from this
point, we suppose that 4, = v, = w, = 0 at the point under consideration. ~We shall
then put ' -

1(F) = [[[[[.A® @4 Fo—Fo_Fo) v aU,aV,aW, pdpde . (4.021)
and

AQ = m QfOL(FYAU,dV,dW, . . . . . (4.022)

This expression for AQ is evidently obtained by multiplying the right-hand side
of equation (3.17) by »Qf, and then integrating over the range of velocities U, V,
and W. If, therefore, we carry out this operation on the whole equation, we shall
obtain a new equation which will give the rate of change of molecular properties due to
collisions. Putting

Q=MQfodUdVon, . (4.028)
we obtain the equation,
3) 9 duo oY%
<2h C>Qd +2m2UQ 2 +Q

+z<-— 02>QU—+2UQ—-+zth = AQf, . (4.08)

the summations being of the same type as those used and explained in the preceding
paragraph.

For purposes of calculating AQ by this formula we shall require the following
results :—

UC® = 07, T = LCP6+D, V3W202(3‘1)=1‘1’5'(72ﬁ), . (4.04)
C¥=1.8.5..(2s+1)(2km)~>,. . . . . . . (4.05)

while, if either p, ¢ or 7 is odd,
UPVIWr=0.. . . . . . . . . . (4.06)
Equation (3.17) and (4.03) can now be reduced by a consideration of certain special

cases. For AQ is zero, when Q is equal to 1, U or U2, since there can clearly be no
change in the numbers or in the momentum or in the energy of the molecules
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ON THE STRESSES IN A NON-UNIFORM RAREFIED MONATOMIC GAS. 9

contained in any element of volume owing to their mutual collisions. We deduce the
equations of continuity of motion, and of energy, viz. :—

1dV auo av() awo.__

s Tty T (4.07)
du op

=20 4 - .. . . . . . . . (408
P 0, (4.08)

and .
_1dh  1dy U, . 0V, 8w0> _ 9
3< hdt+volt>+5< +8y+8z =0 (409)

From equations (4.07) and (4.09) the law of adiabatic expansion, pp~"* = constant,
can readily be deduced.

Using equations (4.07), (4.08) and (4.09), and changing from the variable & to T,
we find that equation (3.17) reduces to

(-3 H(UE v w i)

oy 0z
2 O\ oy, < 2__(_J_> ov, < 2 C*\ ow, <8vo 8u0>
+2hm{<U 7)o (V- ) B (W 3) e UV (324 2
ow, av0> <8u0 8w0>} T
+VW<ay +20) W (R Z0) (R, . (410)

which is the equation obtained by Enskoa by a different method.*
Similarly, equation (4.03) becomes

e 1 0T e oo 1 0T 10T
(hmC*—3%) QU =+ (AmC*—3) QV = Tay + (hmC*—5) QW 7 7~

+2hm {<U2 ¢ ) Q %@;0 + <V2_ % > Q dvy <W2 ¢ > aawo TV Q<8v 8u0>

oy oy
+VWQ <%+a—”°>+WU' Q<%+@1"—9>} = AQh. . (4.11)
dy Oz 0z  ox C ’

The latter is the new equation referred to in § 1, which gives a formula for the easy
calculation of the rate of change of any molecular property due to collision. It is easily
seen, for example, that

1.3.5...(2S+3)81§I.
3. (@hm)T T ow

AC* = 0, AUC* =

When Q is an odd function, AQ involves only the space derivatives of temperature,
while if Q is even, AQ involves only the space derivatives of the mean velocity.

* Enskoc (1917), loc. cit., equation (53), p. 35.
VOL, CCXXIII.—A. C
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10 MR. J. E. JONES ON THE VELOCITY DISTRIBUTION FUNCTION, AND

§5. Ture Form or F,.

From the fundamental equation (4.10), we can now proceed to investigate the form
of the function F;. Since the terms on the left-hand side of this equation are independent
of each other, we may, following ENskoe, express the solution in the following way :-—

whore Fy=F +F, +F,+F,+F,+F. +F, +F, . +F. . . . (501)
(hmcé—g%%%:ﬂ(m,), &, . . . . . . (502
2hm<U2'-—%>%—";—°=u (Fip), &e., . . . . . . (5.0'3)
2thV<%§°+%%’>=uI (Fo), &cy o o . . . . (5.04)

and we haye used the fact that
IL(F)=T1F,)+I F,)+I(F.)+I(Fy,,)+IF,)+I(F..)

. +T(Fr)+ T (F)+1(F) . . o o (5.05)
Putting A
_aar
F‘”_uTaxT’“ Ce (5.06)
Fm=?—@%’wm, L. (k0
14

_ 2hm (v, Qu0>

Flw"‘"‘f(am*é}; o ... (5.08)
we have «

. <th2—-—g>U=I(7rx), (three equations) . . . . . (5.09)

e ‘
<U2-——3—>=I(wm), (three equations) . . . . . (5.10)
UV =1(m,), (threeequations). . . . . (5.11)

Now it hag been shown* that the values of m,, ,, and ,,, &c., which satisfy these
equations are :

m=UP{(C). . . . . . . . . . (512)
- c* 2

™, = (thg) P,(C7) . . . . . . . (513)

7y, =UVP, (C?) . . . . . . . . . (514)

where P, and P, are undetermined functions, the form of which we shall consider presently.

* ENskoe, loc. cit., pp. 37-41 ; JEANSY ¢ Dynamical Theory of Gases ’ (1921), pp. 229-230.
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ON THE STRESSES IN A NON-UNIFORM RAREFIED MONATOMIC GAS. 11

We may, therefore, write

F=gp(U8e v wilp, (o)
14 /

oy
2hm G\ 2u, 2 C%\ o, ( '2__(_3_2 dw, oy 8u0>
L {(\ >8m <V 3>8y+ W 3) 0z +Uv<ax+5§
B, 20) (o, il o,
~+VW<ay+8z FWU Sy S0P, (). . . (5.15)

Hence, in a normal gas, in which the first order derivatives in f are sufficient, we may
write

= Tre L (02 v Wil p
r=fl 1+ L (0 v wilp o)

ox oy
i (1o O (12O (12O}, rv(2 , 20)
+ u{<U 3 896+V 3>8y+W 8z+UV8w+8y
+VW @1”-‘-’ + QQ°> WU @7@ + —@">}P (02)]
0 : oz ox/)*
(5.16)
By reason of the definition of f, we must have
jﬂf‘(U, V,W)dUdVAW =1,. . . . . . . . . (517)
m UF(U, V,W)dUdVdW = 0, (three equations) . . (5.18)
and hence '
j[ijodUdVdW MUF]deUdVdW= 0. . . . (519)
This latter equation places a restriction on P, (C?), thus
Up, (CT) = 0, (three equations) . . . (5.20)
P (CH=0.. . . . . . . . . . (521)
 § 6. DETERMINATION or tHE Funcrions P, (C2) axD P, (C2).
We have seen (equation 4.02) that
AQ = j H QLOT(F,) dU, dV,dW,.
" If we now introduce the notation
[G, H] = m GAOL(H)dU,dV,dW,, . . . . . (6.01)

¢ 2
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12 MR. J. E. JONES ON THE VELOCITY DISTRIBUTION FUNCTION, AND
we have
AQ=2»[Q,F] . . . . . . . . . (602
Using equation (3.18), it is clear that
[Q, F+G+H+ & ] =[Q, F]1+[Q, G]+[Q, H]+&c. . . . (6.03)

and hence, using the expansion for F; above, we obtain
AQ = V2 [Q’ le] +V2 [Q) Fly] +V2 [Q) Flz]”"”z [Q, Flzz:l + &'C' . . (6'04)

so that equation (4.11) becomes

G =5 qu LT 2 ) 93U
> (=5 QU 1 +2hmE<U 3) o
— AQ/
_ : oy L 0T [ / z,Qf> z]%
= 2[Q UP(]5. 2 +2mmz| @ (U= C) Ry |S2. . . (6.09)

In this equation, as in (4.10), the individual terms are independent of each other, and
therefore we may equate the coefficients of like derivatives on each side of the equation.
We thus obtain,

(hm(C?*—3) QU = [Q, UP,(C?)], (three equations) . . . (6.06)

<U2—- Q;) Q= I:Q, <U2—- 93—2> P, (C"")] , (three equations). (6.07)

UVQ =[Q, UVP,(C*)]. (three equations). . . (6.08)

These equations are independent and are to hold for all values of Q. If we assume
that P, (C*) and P, (C?) can be expanded in powers of (2, whose coefficients are
independent of the velocities U,, V,, W,, U,, V,, W,, we have an infinite number of
constants to determine. For this purpose, we propose to adopt the method first used
by CHAPMAN* in his 1915 memoir ; that is, we choose an infinite number of convenient
forms of Q, thus getting an infinite number of equations to determine the unknowns.
The simplest forms which suggest themselves dare Q = UC* for equation (6.06) and
Q = U*C* for equation (6.07), letting s, in each case, assume all integral values
from 0 to oo,

We then get

1.8.5...(2548)8 _ rryeu .
s @y~ = [UOSUR@)L. . (6.09)
and
41.3.5...(2545) _ 2 zs< 3_(12 21
45 (2hmy*? —[UO;U 3>P2(0) .. (6.10)

where, in equation (6.09), the factor s is to be omitted when s = 0.

* CraPMAN, ‘ Phil. Trans.,” A, 1915, vol. 216, p. 279.


http://rsta.royalsocietypublishing.org/

N

a
L
—%
AL B

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

A

%

S

yA \

THE ROYAL A
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

Downloaded from rsta.royalsocietypublishing.org

ON THE STRESSES IN A NON-UNIFORM RAREFIED MONATOMIC GAS. 13

CrapMaAN was led to equations which are equivalent to (6.09) and (6.10) in his
treatment of the same problem by means of MAXWELL’S equation of transfer.* He
evaluated the integrals on the right-hand side, and thus arrived in each case at an
infinite system of equations to determine the unknown constants.f

§ 7. CorFFICIENT OF ViscosiTy AND HrAT CoNDUCTION.

We use the notation

Q‘=jjj@dedVdW (o)

to distinguish the mean value of Q taken over the molecules in the unsteady state,
from that taken with respect to the normal velocity distribution function f;. Thus the
system of pressures at a point is given by

P,.=,0% P,=p0V,&. . . . . . . . (7.02

Using equation (5.16), we thus obtain

b 0 o o ST

+ T (W” -9, @) awo}

_ 4hm s auo v, awo}
h 4 avl) aul)}
P, = o2 G, (02){—+—-—ay . (7.04)

The corresponding hydrodynamical equations of pressure in a viscous fluid of
coefficient of viscosity u are

) ou, OV aw}
= 2,190 %% _ OV _ OW,
P.=p 3“{2890 5yl (7.05)
_ o 61} |
P, = M{8m+ay" L (06
Hence, by comparison,
y=— 3};;"4’0413 ©. . . ... ... (ro7)
V .

When the constants in P, (C?) have been determined as indicated in § 6, the numerical
value of 1 can be computed, as has been done by CHAPMAN and ENskoe in the memoirs
already quoted. It will suffice to leave the values of x in the form of the last equation
(7.07).

* CHAPMAN (1915), loc. cit.
1 CHarMaAN (1915), pp. 311-312.
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14 MR. J. E. JONES ON THE VELOCITY DISTRIBUTION FUNCTION, AND

Similarly, we can find the coefficient of heat conduction by a consideration of the
transfer of energy. Thus, the transfer of energy across unit area of a plane perpendicular
to the axis of & is given by

¢, = 400 = 2 B () 2L

4 2 A
6TOP(C) coe e o oo (7.08)

Now if & 1s the coefficient of conduction of heat, the flow of heat across unit area of
the same plane is — & 0T /0w, so that the flow of energy is — JS 0T [dx, where J is the
mechanical equivalent of heat. Confining ourselves to dynamical measure, we have,
on comparison with (7.08)

§=—ZOP(C). . ... (7.09)

We shall require 3 in this form later in the work.

§ 8. CONSIDERATION OF THE SECOND-ORDER DERIVATIVES IN THE VELOCITY DISTRIBU-
TION FUNCTION.

(@) The Fundamental Equations.

In normal gases it is sufficient to obtain the development of F to the first order only,
but in rarefied gases second-order terms may become important. For, the coefficients
of the first and second-order derivatives respectively contain (4/l) and (2/)?, where
2 is the mean free path of a molecule and 7 is comparable with the scale of length
within which the temperature and mean velocity vary appreciably. In normal gases
(4/1)? can be neglected in comparison with (2 / l), but we now proceed to consider cases
Where 1 is of the same order as [.

Correct to the first order, we were able to neglect the series of terms D (F) in equation
(3.16), but now this is no longer permissible. We shall, however, obtain the equation
correct to the second-order derivatives if we substitute F; for F in D (F), since the
operator D consists entirely of first-order derivatives. Neglecting products of deriva-
tives, the BoLTzMANN integral equation accordingly takes the form,

2 @ duo Olo' < 2) @_}f
<2h mC +2hm ZU + = + 57 —mC zan

dt dt
+2U +2hmH+D(F) JI(F), . . (8.01)
where, as before,
d 8
”dt+U +V + e (8.02)

Since F; contains all the derivatives of the first order, it is clear that there will be no
change in F, due to the addition of second-order terms. We may substitute for F,
in equation (8.02) then precisely the solution obtained in equation (5.15).
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ON THE STRESSES IN A NON—ﬂNIFORM RAREFIED MONATOMIC GAS. 15

From the resulting equation, the form of F could be determined by methods analogous
to those used in § 5 above. For every derivative on the left-hand side of the equation
there would correspond a term containing a like derivative in the expansion of F. But
to carry out this process at the present stage would have the disadvantage of intro-
ducing into F more derivatives than are necessary, since there are certain relations
between the latter, as represented, for example, by the equation of continuity. This
difficulty was avoided and the work reduced to a minimum in the case of a normal
gas, considered above, by forming the AQ equation, deducing from it the equation of
continuity, the equation of motion and the equation of energy, and then using them to
reduce the equations to a simpler form. We shall, therefore, adopt the same method in
the present more extended problem.

Generalizing equation (4.03), we obtain the following form for the equation of transfer,

(2 =m0 ) QL + 2tz TQRe + 82 1 (5 —mc?)zUQ I

+2UQ +2thH+QD(F) AQfv. . (8.08)

(b) Special Cases.
(1) Q = 1. In this case we find—

@z a’U/() a?/00
dt+8x+8 % 3T

P, (%) VT = o,

and since C2P, (L?) = 0 from equation (5.21), we obtain the equation of continuity in
the same form as before, viz :—
do | Ou, , 00, 4+ ow,

Rl rh m IR (8.04)

(2) Q = U. In this case, we find from equation (8.03) an equation corresponding to
(4.08), viz. :—

duy _10h aa '
2 — = R ohmUD (F) =0, . . . . . (8.0)
Now
P, ((ﬁ)d<aT aT 8T> 2hm < 9 vo _q> )
UD () = ST d\og T ay+az - U Uax+Vay+Waz P,(C?) 0O, (8.051)
where
- C)it (2 G (s Gy (2 2
<U o (V- T)os (W S)aZ+UVa+ay

ow, 8@0> <% 0w,
+VW<a +20) WU (28, 2 (5059)

if producfs of derivatives be systematically neglected.*

* B.g., instead of = d < ITST> we are able to write LT:;: <g§>
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16 MR. J. E. JONES ON THE VELOCITY DISTRIBUTION FUNCTION, AND

The coefficient of the first group of terms on the right of equation (8.051) is zero
by virtue of equation (5.20), and by the use of equations (7.03) and (7.04), we are then
able to write

1 [3(P,—p) 3P, aP} |
UD(F) = \=5 0+ + % - - - - (8.069)

Hence equation (8.05) becomes

duy 1 0h ohm o (P,,—p) , P, apm}_

or

du, 1 {aP oP 8P,Z} -0 (8.06)

zr Y
i bw "oy T o
with the similar equations obtained from AV and AW. These are the new equations
of motion, correct to the second-order derivatives.

(3) Q = (2. Lastly, remembering that AC? is zero, we find

3 [1dT  do 5 [ou,  ov, awo} C'P, (C?) gop _
th{'l' dt dt} 2hm{8w+8y+8z + 3T Vi =0,. . (807)

or, using equation (8.04) and (7.09),

1_@_ do‘ th 1 2 9
Ta=4a or CR(@)VT
e gy . (3.08)
dt v »
J being the coefficient of heat conduction.
We can also write the equation in the form
df _apde S oep L (3.09)

Pa =St a T

since, in & monatomic gas, the specific heat at constant volume is given, in dynamical
units, by*

, R_ 3
Cgm 4hTm""""(8'10)

Equation (8.09) may be referred to as the equation of energy, or, following MAXWELL,
the equation of temperature. It is seen to be the same as that obtained by Jeans}
and CHAPMAN] by other methods, except in so far as the latter include products of

* JeaNs,  Dynamical Theory of Gases’ (1921), p. 185, equation (472); MaxweLL, ‘ Papers,” vol. 2,
p. 65, equation (111).

T Jmans, loe. cit., p. 245 (the second term of the r.h.s. should be multiplied by a factor T).

f Cmapman,  Phil. Trans.” A, (1915), equation (246).
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ON THE STRESSES IN A NON-UNIFORM RAREFIED MONATOMIC GAS. 17

derivatives. It is identical with the equation obtained by MAXWELL,* but the latter is
able to substitute 54/2 for ¥/C, in the case of the special molecular model which he
considered.

(¢) The Simplified Forms of the Fundamental Equations.

By means of equations (8.04), (8.054) and (8.09), we are now able to eliminate certain
of the derivatives from the fundamental F-equation (8.01), and to write it in the form :

(hmC*—§) 2 gaaka 0— 2 SUP 4 (=) =2 V9T+D(F1)=VI(F), (8.11)
p CopT
(Pm p) '::y aPzz
where P, = 2 8y+ S (8.111)

and P, P, denote expressions obtained by cyclical changes of @, y and z. The
summations involve appropriate changes of U, V and W, as well as of , y and z ; and the
symbol in the second term has already been defined, equation (8.052).

In a similar way we obtain an analogous form for the Q-equation (8.03),

(hnCi—g) = Y9 gT + 2hmQ0 - 21 Qp,

+(hm02—%)QCvav2T+QD(Fl)=AQ/V .. (8.12)

The two equations (8.11) and (8.12) are sufficient to determine the precise form of
T as far as second-order derivatives, if the value of F, be substituted from equation
(5.15) in the term D (F), on the left-hand side. On the left-hand side of these
equations there are still derivatives of the first order. If, however, we write

I (F) =1 (Fl) + L (F,),

in accordance with equation (3.13), and use equation (4.10), we are able to reduce
equation (8.11) so that it contains second-order derivatives only. In fact, we find

_ 2k P (P —§) 2 VPTAD (F) =L (Fy). . . . . . . . (8.13)
P OvPT

(d) The Form of F,.

The procedure is now exactly the same as that used in § 5 to determine the form of
F,. Thus, we note, as before, that the derivatives on the left-hand side of the above

* MAXWELL, ¢ Papers,” vol. 2, p. 700, equation (52).
VOL. CCXXIII.—A. D
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18 MR. J. E. JONES ON THE VELOCITY DISTRIBUTION FUNCTION, AND

equation (8.13) are independent, and for every derivative on the left there must be a
corresponding derivative on the right. Proceeding as in the case of (5.01), we can
write

F2 = ZF% + ZFZ ('[‘)zx + 2]&‘12 ('r)tx-l_ ZFZI.‘E + ZFZ (uO)xx+ ZI412 (vo)xz + ZF2 (wo)zﬁ . (8 14)
where 2F,, and ZF, (T),, involve three terms each, and
=¥, = Pt Fopy + Fost Fop + Fop o+ Fos . . . . .. (8.15)

with similar meanings for 2F, (T),,, 2F, (u,).., &e.
The symbols are defined by the following equations,

T(F,) = 2Py, . ... (816)
P
1 ~ Sv | 2*T A
(R (1)) = o { UL (C) + (i C=) 52 22, (.17)
1 o 8T
(4 (1)) = 2UVP, (C)5 7 (8.171)
N o d /0T
T(Fy(T),) = £ UP, (C)d¢<a) L (818)
_ 2hm Q_C"> d 8u0>
I (F,) =2 <U _?).P(c)dt(am L (819)
21 2 o, , Ou, ¢
T (Fa) =2 uve, o) 4 (a”u a%) (8.20)
(B, (1)) = 2th<U2_92)P2(02) Sy (821)
v 3 o2’
VI(FZ(UO)Iy)=Q}im{v<U2——O—>+U-*Vfa““ oo (8.22)

with corresponding equations for F, (v,),., &e.

Kquation (8.16) can be solved by the method of ENSKOG but, in order to solve
equations (8.17) to (8.20) it is necessary to generalize the latter’s work. It is not
difficult to establish the following results :—-

It 1(r) is equal respectively to Ud (C2), (U-z- ‘—;f‘)zpwz), or U, (C?) -+, (C?),

then 7 is equal to U (C?), (Uz— My J¥(@),0 (Uz— -gf) ¥, (CF) -, (C2).

* See note on p. 10 above, § 5.
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In each case ¥ (C?) is a function of C?, whose form the equation does not disclose.
In the last case, ¥, (C?) is subject to the conditions,

M‘I'z(Cz)fodUdVdW=o. : S .. (8.28)

[[fen@favavaw =0 . . . . .. (820)

The only part of F, which will be used in the subsequent investigation is that which
is even in U, V and W. Now it is evident from a consideration of dimensions, that if
I (G) is equal to an odd function of U, V, W, then G must likewise be an odd function.
There is, therefore, no need for us to solve equations (8.21) and (8 22), for F, (u),,, &c.,
will be odd functions of U, V, W. Usmg E, to denote the even portion of F2,
we have

E,=>F(M),+2F,, . . . . . . . . (825)

in the notation of equation (8.15) ; and, using the theorems enunciated above to solve
equations (8.17), &c., we have

F, (T),, _—T{<U2———>Q1(C”)+R(C2)}a,, .. (8.26)
Fy (1), = 32UV (C) 1 (8.27)
Fm=?ﬁuz_n<U’ >Q9( )dt@;‘) R € K1)
F%y=?’—;@UVQ2(02)%<%+%>.. S (829)

By the use of the F-equation (8.13), we have now ascertained the nature of the terms
in K, ; but for a complete solution it is necessary to know the three functions, Q, (C?),
Q. (C?) and R (C?), and for this purpose we have recourse to the Q-equation (8.12).

(¢) Equations to determine the Coefficients in I,.

In § 4 it was established that
AQ = 'fj”Qﬂ‘”I (F)dU, dV,dW,, . . . . .(8.291)

where 1 (F) represents the quintuple integral (4.021). For the sake of brevity, we may
write, as in equation (6.02),

AQ = [Q, F]
D 2
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20 MR. J. E. JONES ON THE VELOCITY DISTRIBUTION FUNCTION, AND

Now F consists of a number of terms, the nature of which have already been found,
equations (5.15) and (8.14). Using these results, and applying the theorem stated
in equation (6.03), we obtain the following expansion for AQ,

AQ/V2 = [Q’ Fl] +[Q> Fz]
+2[Q, For ]+ 2[Q, Fy (1), ]+ 2[Q, Fa (o). [+ 2[Q, Ko ()] . (8.292)

We have now two expressions for AQ, the present one in terms of octuple integrals
and another in terms of mean values, equation (8.12). Both expressions contain
the same derivatives, and since the latter are independent, the two results may be
compared term by term.

Thus, comparing the terms containing 92T /32, we obtain the following equation,

Sy | T
C,p) o0’

;%{U”P1<O”>Q+<hm0*——%>Q =[Q Fy(T),], . . (8.293)

or, substituting the value of I, (T),, from (8.26), we get

{UZPI (@) Q4 (i =)0 g—p } = [Q, ( U %) Q, (02)] +HQ R (). (8.294)

A comparison of the coefficients of 8*T/dy? and 02T/d2? results in two similar equations.
By using these in conjunction with (8.294), and by writing the left-hand side of the
latter in the form

(U= )P (C) Q+ S () QU= ) Q 32,
3 3 C,p
it is easily established that
{— A 2___02\ 2]_1 2__Of> 2 ;
(r-0)a@]=(v-S e L (0)
and
27 — ¢ 2 2__3 v
[Q,R(CY)] = —3‘P1(C)Q+(hm0 —:Z)QCP, ... . (8.31)
.. . . d duo\.
Similarly we find, on comparing coefficients of 7 ( T /s
thdx.
R 02 9 2 («‘/2 2 ¢
[_Q, <U2— —3->Q2(C )] (=S . (832)

Other equations could be obtained in like manner, but the equations here given will
be sufficient to determine the functions which occur in E,. In fact, for the particular
application which we wish to make of Ky, it will only be necessary to determine Q, (C?)
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and Q, (C?). We assume that the latter functions can be expressed as power series in
C2. No attempt will be made to establish any convergency conditions necessary in
the course of the analysis, but the subsequent numerical calculations indicate that the
series are rapidly convergent.

The equations (8.30) and (8.32) are true whatever function of U, V, W, the symbol Q
may represent. But the use which we wish to make of the equations is to evaluate the
coefficients of Q, (C?) and Q, (C?). Now,in general,the latter are infinite in number, and an
infinite number of linear relations between them will be necessary for a complete solution.
Any value of Q, substituted in the equations, will give a linear relation between the
coefficient of Q, (C?) and Q, (C?), provided the octuple integral can be evaluated. The
form of Q which we shall adopt, however, will obviously be that which makes the octuple
integral [Q, <U2—-—%2
in § 6 that, in the evaluation of the velocity distribution function for a normal gas, it is
necessary to find the integral [U2C23, ( U2— %—2> P, (CZ)J. This has already been done by

CuaPMAN (loc. cit.). We shall, therefore, choose U2C* as our form of Q for both the
equations (8.30) and (8.32). We may obtain then as many relations as we require by
giving to s different values.

We thereupon obtain as the system of equations determining Q, (C?) and Q, (C?),

>P2 (02)] easiest to evaluate. Now we have already indicated

v (- T ) @) |= ver(v- (@)

3
= 40P (C?), . . . . . . (8.33)
and
2 e ——————
[U2023’ <U2__ %> Q, (Cz):l = 24 Co+ip, (02), o (8.34)

where s is to assume all integral values from zero to infinity.

§ 9. STRESSES IN A RAREFIED Gas.

As in § 7, we have

so that, using the expression for f correct to the second-order derivatives,

P.= p—%u{2 %%9- - %9 - %52—9} +P. . . . . . (9.01)
a 0 a 0
P, = —u <a% + é—;ﬁ> 4P, . . . o . (9.02)
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22 MR. J. E. JONES ON THE VELOCITY DISTRIBUTION FUNCTION, AND

where®

P = £ {UQu(0) 2 (U-) 2L+ TR, () v

/ # "Ou,’
#2000 2(1- ) 7 (3]

W T T T
454T(JQ1(02)< _B_y—”—a—z?>
4h'm d 8u0 ov, Ow,
s fC*QZ(OQ)OT< e o N )
, — 8‘T 2hm o d (O, %)

In the above we have used the fact that C*R (C?) is zero by virtue of (8.24). To
evaluate the stresses, therefore, all that we require is the numerical value of C'Q, (C?)

and C'Q, (C?).

§10. Evarvarion or C'Q, (C?) axp C'Q, (C*) ror ParTicuLAR MoLECULAR MODELS.
(a) The System of Equations to Determine the Functions ¢, (C?) and @, (C?).

If we suppose Q, (C?) and Q, (C?) expanded as power series, the equations given
above for their determination, equations (8.33) and (8.34), will involve octuple integrals

of the type [UZC28 (U2— )C{'. This integral has been evaluated by CHAPMAN in

a recent memoir,} and we shall abbreviate our own work by using the same notation
and by referring the reader to the original paper for its interpretation. Thus, we write]

o ol 1.3.5....(2545)1.8.5...(2r+5
['Uz(ﬁ’ <U2— —§> 02] - ?Euéo (23&7%)74”2 ( a )"ﬁ’;'cm (10'01)

where ¢,, i3 a number whose value can be calculated when the law of molecular inter-
action is known. In the following analysis, we shall regard c,, as a known constant.
The symbol C, is the same as that used by Cuarman (C. 142), (C. 147), (C. 170), and is
equal to »~' multiplied into a function of the absolute temperature. The form of

¥ 16th Feb., 1922.—The summations included in P’,, are of the same type as the expression for O,
equation (8. 052)

1 Cmapmaw, ‘ Phil. Trans.,” A (1915), vol. 216, pp. 279-348. = As we shall now have occasion to make
repeated refevences to this paper, we shall abbreviate them by prefixing to the equation the letter C.
Thus equation (137) in the paper cited will be written (C. 137).

1 (C.7T7), (C. 80), (C. 135), (C. 137) and (C. 131). See also (C. 144).
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ON THE STRESSES IN A NON-UNIFORM RAREFIED MONATOMIC GAS. 23

the function depends on the molecular model considered. If we write Q, (C?) and
Qz (C?) in the following way,

2y — S (th)r - 2r
Q, (C?) = r:zo 3 5.'.(2”5)3,0 se o v o . (10.02)
2\ 2 (2hm)r 2
Q(C) = 2 g5 (2r+5) " (10.03)
we find that equations (8.33) and (8.34) become
» . s+2
2 80, = —1?;)05(%2’;)8 OO L (1004)
(s=0,1,2...0).
and
=) s+2 .
2 =~y A TEROT - (1009

(s=0,1,2... ).

Our next step will be the calculation of C*+P; (03] and C**P, (C?), and for this
purpose we now proceed to the statement of a useful theorem in determinants, proved
and used by ENskoe™ in his recent memoir on the kinetic theory of gases.

(b) Theorem on Determinants.

If a series of quantities Sos Oy Say o J, are determined by a system of linear

equations
Coo 0o+ Crpdi+Cp &+ oo +Cp0 0, = g,

Cudo+Cndi+Cydat ... +C, 10, = ay,

COn 80+Gln 8l+02n 8.2+ v +Cnn é\n = Oy,

then any other linear expression of the same quantities can be expréssed in the following
way —

. my 30+m1 81+m2 89+ cee +m,, 371

L G o 1 . Goo Cio
_ gy N i Con o my My N
o Qoo Co Cu
Cn Cu :

* ENsKog, loc. cit., 1917, Anhang 1.
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24 MR. J. E. JONES ON THE VELOCITY DISTRIBUTION FUNCTION, AND

‘ Coo; Cw» O20> Cn—l,O) oo Com Cm’ 0205 OnO

’ COm Olm O2m s On—l, ny an

mOa ml; m2> e mn

C()(), OIO, 020, Y Cn-], 0 . ’ 000, 0107 C"O) s Cno

OO,n—la Ol, n—1s Cz.n—la eee On—l,n~1 OOm Olna C2m oo Onn

(c) Lwaluation of C*+P,(C?) and C*+P,(C?),

In order to avail ourselves further of the work done by CraPMAN and to facilitate
reference, we shall adopt for P, (C?) and P, (C?) the same notation as the writer referred
to. We have, then, on a comparison of equation (5.15) with his equation (C. 73),

2y — S (2hm) 27
PI(C)_ BOVTEO1.3.5“”(27'_1_3)7',8,_1C s . . . (10.06)

P,(C) = —3C, 3 —2mm) oo

T=o1.3.5....(27~+5)7f0 ’ (10.07)

where, of course, 8, and y, are constants; C, has already been explained, and
B, = ¢ C, (df. C. 170).
From the equations (5.21) and (6.09) we find as the equations to determine 3,,

® Br

= .o . . ..o 10.08
Bt Eo‘r-pl 0, ( )
> Bb,=1, . . . . . . . . (10.09)

r=0
L (s=0,1,2 o),

where
r+s+2

b= 8B, v (2 )r++ rUCee+y, UC+], (10.10)

1.8.5....(2s+5) (s+1).1.3.5. ... (2r+5) (r+1)

and may accordingly be regarded as known.* The quantities b,, are, in fact, pure
numbers, depending only on the molecular mass and on the force constant of the
molecules.

% (C. 136), (C. 130).
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Similarly, the system of equations (6.10) connecting the coefficients v, becomes
}:‘0 ye.=1, . ... . . . . . . (1011)
B (s=0,1,2... »)

in the notation of equation (10.01).

By means of the determinantal theorem given above we shall now be able to use
equations (10.09) and (10.11) to evaluate any linear expression of 8, and of y,, such
‘as, for example, the expressions C¥+* P, (C?) and C¥+'P, (C?). We shall content
ourselves with the calculation of the latter functions for the special cases s = 0, 1 and
2. It will be evident later why these three cases are sufficient.

Using equation (10.08), we find

C*P, (C?) = — By (2hm) ~ 230 27‘: > By
= —By(2bm)2 =8, . . . . . . . (10.12)
r=20
Similarly, we find
C°P, (C?) = C'P,(C?) (2hm)~'7B,, . . . . . . (10.13)
C*P, (C?) = C*P, (C?) (2hm)™27.9B,, . . . . . . (10.14)
where
B=2220»+7)B+728, . . . . . . . . (1015
r=0 r=0
B,= 3 (4 + 500 + 189)8, ~ 7.9. 2 B.. . . . . (10.16)
r=0 r=0
The corresponding values of C**+*P, (C?) are
C'P, (C?) = —3Cyw (2hm)~* s Yo .. (107)
’ r=20
C°P, (C?) = C*P,(C?) (2hm)~'7C,, . . . . . . (10.18)
C°P, (C?) = C*P, (CF) (2hm)~27.9.C., . . . . . (10.19)
where _
C=2@2r+")y, =72y - « . . . . . . (10.20)
r=0 r=0
€= 3 (2r47) (2r+9)y, = 7.9. % v, . . . . . (10.21)
71=0 r=20

The numerators and denominators of B and C can be calculated by means of
equations (10.09) and (10.11) if we put in the determinantal expansion of §10 (b),
m, =1, (r + 7), &ec.

VOL. COXXIIL—A. . E
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26 MR. J. E. JONES ON THE‘ VELOCITY DISTRIBUTION FUNCTION, AND

The functions C+P, (C?) can also be expressed in terms of the physical constants
of the gas, for we have seen in § 7 that

b, Zoa)wiig' oo oo (10.22)
C4P2(02)=—p125h”7‘;.. . . . . .. (10.28)

Substituting the values of C2+P, ((?), &c., thus obtained in equations (10.04)
and (10.05), and making use of the determinantal theorem, § 10 (b), we find

0 VA ’
CQUC) = (2hm) 3 5, =D 1029)
r =0 . 7
and
°f‘ 3 Cop .
Ct C? 2/ ? = 2 e e 10.25
. Q.?( ) ( 7’,"7’) =0 €y /)2]7/1’)’?: Qc’ ( )
where
Co Co 1 || Co Cno Cx
L o 1 Coo  Cio Coi  Cn B1 Con Cin Ca
1 Co1 B] j 1 1 | Coz 012 Bz 1 1 I
® Coo +| Coo Cio ‘ Co Cio |°] Coo Cio Cao
Co1 Cn Cnn Cu G Cn  Cm
Coz  Ci2 Cao

and ¢, represents the numerical expression obtained when C,, C,, &c., are substituted
for By, By, &ec., in the expression for ¢,

§ 11. EXPRESSIONS FOR THE STRESSES IN A RAREFIED (As FOR PARTICULAR MOLECULAR
MopzLs.

(a) General Expressions.

Using the expressions for C'Q, (C?) and C*'Q, (C?) just obtained, we have, on substitu-
tion in equation (9.03)

o o?1' 07T d/,0u, Ov, Ow
P = r(__/ e . ey ._2...__0.__._9 . , .
= = 50 < Ere i e az> +t5Cn ”dt<2 e By az> (11.01)

By equating the two expressmns previously obtained for CP, (C?) [equations (10.17)
and (10.23)], we find

Oo 1 O}Lm M

11.02
p 2y’ ( )
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ON THE STRESSES IN A NON-UNIFORM RAREFIED MONATOMIC GAS. 27

and, on substitution in the above expression, we find the following expressiohs for the
stresses in the gas [equations (9.01) and (9.02)],

s Ou, O, 0w, | ,uS‘ 82'1‘ T o*Ih
P.=p §{2 o —3?/ 87[ AE \ o 8@/ T2,
M auO_avo_—%
g k= ( o oy az>' . .‘(11.03)
ov, 8u0> u;fér o*T ov, 8u0> |
P, = <aT+ay 4+ p olt( ... (11.04)

The quantities j and %k are numbers which depend on the molecular model chosen,
and are defined by the equations,

J=a Ty, oo (11.05)

k=g + Sy . . . . . . . . . (1106

(b) Consideration of Particular Molecular Models.

The calculation of j and % used above depends entirely on the values of b, and ¢,
and these can only be worked out numerically when the law of interaction between any
two molecules is known. If the molecules are point centres of force varying as 7",
expressions for b, and ¢,, can be obtained from the paper by CHAPMAN, in which the
viscosity and thermal conduction of a monatomic gas were considered, and to which
repeated references have already been made. Asthe work is there given in full,* there is
no need to quote the general results here. We shall content ourselves with considering
two special cases. First, we shall consider the particular case of molecules which are
point centres of force varying inversely as the fifth power (Maxwellian molecules), and,
secondly, molecules which are rigid elastic spheres. The latter case is, of course, a special
case of the n*™ power law, being obtained by making » infinite.

Case I. Magwellian Molecules (r—°).—From the memoir cited} we find that in this
particular case the work is very much simplified, for

b,.o = C,p = 1. . . . . . . . . (1]”07)

Hence from our equations (10.09) and (10.11) we have, at once

$8,= Zy=1 . . . . . . . . (1L08)
p=10 r=0
* CrapMAN (1915), loc. cit. § 9.
+ (C. 190.)
E 2
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28 MR. J. E. JONES ON THE VELOCITY DISTRIBUTION FUNCTION, AND
In this special case, therefore, we find from equations (10.26), (10.25), (11.05) and
(11.06) :
e=q=9=k=1 . . . . . . . . (11.09)

The expressions for the stresses in & gas composed of molecules of this kind are then

SR N T
P =p—%1 {2 ox 0z o ox? 02*

oy oy’
_?m__(o%_ﬁ@_a_@)
L) - (10)
— a’UO 8@{/0) 4. MS’ 82T ~ i 8'00 a’U/o)
P, = 'U'<aac ay +3p Bway+p dt(8x+8y e (1

Case 11. Rigid Elastic Spheres—In this case the numerical work is by no means so
simple, for the numbers b,, and ¢, are not so easily evaluated and there is no
special relation which enables us to find 5 and % without using the series given in
equation (10.26). Having found the values of b,, and ¢, the values of B,, B,, &c.,
are to be found from equations (10.15), &e., using the appropriate series of the type
given in §10 (b). We are fortunate again in finding that b, and ¢, for 0 =+ =3,
0=s=3, have been worked out by Cmapman in this special case, and our work is

ma,terlally lightened by our being able to quote them. We find*

TABLE T -—Values of b,..

=0, r=1. r = 2.
s=0 1-000,000 1:071,429 1-138,889
s=1 1-071,429 1-372,449 1 ~6§38,696
s=2 1-138,889 1-698,696 2-402,006

Tasrre II.—Values of ¢,,.

r = 0. r=1. = 2.
5==0 1-000,000 1-071,429 1-138,889
s=1 1-071,429 1-491,497 1-953,798
§=29 1-138,889 1-953,798 3-044,359

% (C. 219) and (C. 220).
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ON THE STRESSES IN A NON-UNIFORM RAREFIED MONATOMIC GAS. 29

In order to calculate B,, B, &c., it is necessary to evaluate each of the series occurring
in equations (10.12), (10.15), (10.16), (10.17), (10.20) and (10.21). The latter can be
obtained as accurately as we please by increasing the number of the terms in the series
of the type §10 (b). As the series are found to converge very rapidly, we have taken
the calculations as far as the third term. The following table shows the result of taking
one, two and three terms respectively :-— '

TasLeE TI1.—Values of %Br, &e.
G

3By [S20+7) BB +50r +189) B Syi | 3@ 4T)y | S@r+T)(@04+9) vr.
0 0 0 0 0 0

1st approx. | 1-000,00 | 14-000,00 189-000,00 | 1-000,00 | 17-000,00 63-000,00

ond approx.| 1-022,72 | 13-681,82 176-113,71 | 1-014,85 | 6-688,12 56- 450,52

3rd approx.| 1-024,81 | 13-669,66 176-651,33 | 1-015,87 | 6-674,92 56-751,28

The corresponding values of B,, &c., are then found in accordance with equations
(10.15), (10.16), (10.20) and (10.21).

TaBLE IV.—Values of B and C.

)
A

A \

y i
Y 4

S

P

THE ROYAL
SOCIETY

PHILOSOPHICAL
TRANSACTIONS
OF

B,. B,. C,. C,.
1st approx. . . . . . .. 2-000,00 3-000,00 1:000,00 1-000,00
2nd approx. . . . . . . . 1-911,12 2:733,35 0-941,45 0-882,92
3rd approx. . . . . . . . 1-905,53 2:736,09 0-938,68 0-886,73
Valueused . . . . . .. 1-905 2-735 0-938 0-885

Finally, from equation (10.26) we are able to calculate ¢, and ¢, to a similar order

of approximation, and dividing by Z+,, the corresponding values of j and £k are
0

determined.
TaBLe V.—Values of 5 and & (Rigid Elastic Spheres).
qu. e 7 k.
1st approi:. ....... 1-000,00 1-000,00 1-000,00 1-000,00
2nd approx. . . . . . . . 0-826,68 1-027,34 0-814,68 1-012,31
3rd approx. . . . . . . . 0-812,82 1-029,44 0-800,12 1-013,35
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30 MR. J. E. JONES ON THE VELOCITY DISTRIBUTION FUNCTION, AND

§ 12. DiscussioN oF THE RESULTS.

To MaxweLr* belongs the credit of applying first the kinetic theory to a rarefied
gas and of demonstrating the existence of temperature stress terms. In order to
simplify the mathematics, the model which he considered was that of a gas repelling
inversely as the fifth-power law. A further simplification was introduced by the
assumption that the velocity distribution function contained terms of the first, second,
and third degrees only in U, V and W. Although no justification was given for this
step, it can be shown to be legitimate in the case of the special model chosen.t The
method, which MaxwzrL adopted for the evaluation of the coefficients of the nineteen
terms, was similar to that used in his earlier papers. He found, by the use of his equation
of transfer, the change in certain functions of the molecular velocities by collisions,
e.q., U, U, UV?, &e., and compared the result with that obtained by a direct integration.
By choosing as many functions as there were unknowns, a sufficient of equations were
obtained to evaluate them.

The result obtained by MaxwrrL] for the stress in a gas is, making the necessary
changes in the notation,

. auo L2 <3u0,“ dv, | Ow,\ , 3u° 82" .
P.—p = zﬂa Al 5 + az) i—/ﬁ 5 TVT . (12.01)

An examination of his work, however, reveals that a numerical error has been made
in the calculation of the last term, and that a term involving a time derivative has been
omitted without any express mention of the fact.§ The above equation should read

o Oy, <8uo vy awo> 8u T ¥ oo
.Pzz P = 2//'8 + «J/" + = ay + dz rljba#? {;-TVT
) auu ov, 0wy
I 8/ ox 3}7 oz )’ (12.02)

involving a change in the coefficient of V*T and the addition of the last term. This is
evidently in complete agreement with the result obtained in § 11, if we write||

=3uC, C,o=3%L . . . . . . . (12.08)

v

* MaxweLL, “ On Stresses arising from Tnequalities of Temperature in Rarefied Gases,” ¢ Phil. Trans.,’
1879 ; Papers, vol. 2, p. 681.

T Cf. JEaNs,  Dynamical Theory of Gases ’ (1921), p. 219.

+ MaxweLL, loc. ¢it. ante, p. 700, equation (53).

§ The latter fact has been pointed out by BrrLLourw and Enskoc : BRILLOUIN, ‘ Annales de Chimie
et de Physique,’ 7 series, vol. 20, 1900, p. 440 ; Exskoa (1917), loc. cit., p. 123. :

|| Cf. (C. 248)~(C. 251) ; and equation (8.10) above. C, and % are here measured in dy Jnamzcal units,
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The ratio of the coefficient of the last term in equation (12.02) to that of the corre-

. . . e M . . o e . ;
sponding temperature dervivative is # =5 which is of the order 107, and is independent
Y

of the degree of rarefaction.¥ Maxwrry was, therefore, justified in neglecting the time
derivatives.

Shortly after the appearance of MaxwrLr’s paper, RuyNoLps published the result
of his investigations into the stresses which must result when heat is communicated from
a surface to a gas.t The object of his researches was to obtain an explanation of the
phenomena of the Radiometer, referred to by him as the “ phenomena of impulsion,”
and not only did he succeed in so doing, but he was led by a more elaborate treatment
of the problem to a prediction of the phenomena of thermal transpiration. The
reasoning by which he arrived at these results was both novel and intricate—too intricate
to be described here even in outline. It may be said, however, that his whole investiga-
tion involved the assumption that the gas is at all points steady as regards time, and that
the molecules are subject to no external forces. The existence of temperature stress
terms was established, and a result obtained which was identical in form with MAXWELL’S,
but which made the pressure one-third that obtained by the latter. Transformed to
the notation of the present paper, his result takes the formj

ZT‘
D/
I 2 o

_ B
) /)T ow?

!

RevNoLDS was aware of the discrepancy between his result and that of MAXWELL,
and made a special point of mentioning it in his paper.§ The present paper, however,
confirms MAxweLL’s result.

Brrrouin,|| in 1900, published a paper on the kinetic theory of a gas in which he
gave general expressions for the velocity distribution function of a gas. Recognising
that the latter function must be an invariant, he proceeded to write down all
possible invariants, first for those of the first-order derivatives, and later for
second-order derivatives. As a result, the latter expression is found to contain
seventeen groups of terms, excluding those introduced by external forces. A general
expression is obtained for the stresses in a gas, which discloses their nature but does
not indicate their relative importance. TFor Britrouin did not attempt to evaluate
the unknown functions involved in his expression for the law of distribution of

¥ JuANs, loc. cit. (1921), p. 119.

+ Reyvorps, * Phil. Trans.,” Part 11., 1879. Papers, vol. 1, pp. 257-383.

1 Tt will be recalled that P’y is used to denote the terms in Py, involving derivatives of the second
order. ’

§ ReyNoLps, loc. cit., p. 367 (footnote).

|| BrILLOUIN, loc. cit. ante, p. 30.
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32 MR. J. E. JONES ON THE VELOCITY DISTRIBUTION FUNCTION, AND

molecular velocities. The terms obtained by this writer* ave, in the absence of external
forces,

P = a(ae 2 Bm) 2 (o0 dn_dw
Prmp=a <2 oxr dy 0z ro ot <28:1; oy 82)

O L AN
+o <z ik a?) +d<z i 8z2)’ . (12.04)

where a, b, ¢ and d are functions whose nature or value is not given.
The first three groups of terms have been obtained in § 11. As for the last group,
we note from equation (4.08) that
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so that, neglecting products of derivatives, we have
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The last group is evidently to be included in the second and third.

As was indicated in the introductory paragraph, Enskoad, having given a complete
solution for normal gases, has attempted to carry his investigations a step further.
In the first place he considered a molecular model which had the effect of simplifying
the integrations. A molecule is regarded as behaving like a perfectly elastic, infinitely
small sphere, whose diameter is not constant, but is a function of the relative velocity
of an approaching molecule. Thus, if  is the diameter, o o< V-*.  Since in the integrand
of equation (4.01) p may be written & cos 6, it is evident that

Vp dp o= sin 26 d6,

thus introducing a great simplification. Curiously enough the effect is equivalent to
MaxwrLL’s assumption of a fifth-power law, and Exsgoc obtains an expression for the
stress in such a gas,T which is identical with our result for Maxwellian molecules. In a
consideration of a more general molecular model, viz. that of molecules repelling
mversely as the n'™ power of the distance, ENskoc simplifies his work by assuming
that the gas is everywhere at rest. Apart from terms involving squares of temperature
derivatives, the result obtained is}

N / azr 621 aZT i
l)/m:f%ﬂ_%<2ag_§§-§_'a_z2>_ .. . . . . (12.06)

* BRILLOUIN, loc. cit., § 32.
1 Exskoc (1917), loc. cit., p. 122.
I Exnsxog, p. 127, equations (200) and (204).
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ON THE STRESSES IN A NON-UNIFORM RAREFIED MONATOMIC GAS. 33

The coefficient in equation (12.06) has been worked out by Enskoc to the first
approximation only and is seen to be in agreement with the result obtained in § 11.
The results for the case of rigid elastic spheres are worked out for the first time in
the present paper. From Table IV we deduce that the approximate value of j is in
this case approximately 0-8, so that the stress, due to differences of temperature, is
pS (50T 0T 82T>
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An examination of the work in § 11 reveals what a slight change is made in j and £
by varying the law of molecular action. Thus, in the case of Maxwellian molecules
(n = 5), 7 and k and both equal to unity exactly, while in the case of rigid elastic spheres
(n = =), j becomes equal to 0-8 while % takes the value 1-013. To a first approxima-
tion, the results for the latter model are the same as those for the Maxwellian model,
thus showing that to this order of approximation the value of » is immaterial.

Note, added May 25, 1922.—In order to give some idea of the degree of rarefaction,
at which the temperature stresses become appreciable, the value of the coefficient u3/p
has been worked out in one or two cases. In the formula (11.03), ¥ is measured in
dynamical units, so that the value of 3, as usually given, must be multiplied by J, the
mechanical equivalent of heat. The values of & and w, which are given in the table
below, are those appropriate to normal temperatures and pressures®* and are assumed
to hold for very low pressures. The value of J is taken to be 4-184 10"

VALUES of Ju/p.

: N ’
S .
\ Gas. . (dynamical » (dynes per square Sp/p.
! (heat units). units). (c.gs.)- centimetre).
| Argon . . . .. 0-00003894 +1629-25 0-000211 1 0-344
| Helium . . . .| 0-0003360 14058-28 0-000189 -1 2-657
' “Oxygen . . . .| 0-0000570 2384-88 0-000192 1 0-458

- It is evident that the value of Su/p is in the neighbourhood of unity when p is of
the order of one dyne per square centimetre, or about one-millionth of an atmosphere.
As MaxweLL{ pointed out, this is the same order of pressure as is required in a
radiometer, and the calculated stress would be suflicient, if it existed alone, to produce
a rotation of the cups in such an instrument. There are, however, complications at
the surface of a solid immersed in Qg6,, a gas, which are not discussed here.

* Juans, ¢ Dynamical Theory of Gases’ (3rd ed.), 1921, p. 301.
T MaxwgLL, € Phil. Trans.,” 1879 ; ¢ Scientific Papers,” vol. 2, p. 681,
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